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A SINGULAR REPRESENTATION OF E¢

B. BINEGAR AND R. ZIERAU

ABSTRACT. Algebraic properties of a singular representation of Eg are stud-
ied. This representation has the Joseph ideal as its annihilator and it remains
irreducible when restricted to Fy .

It is of interest in the representation theory of semisimple Lie groups to un-
derstand singular representations. For example, a detailed understanding of the
metaplectic representation has been quite fruitful. There is also a particularly
interesting representation of SO(4, 4) studied by Kostant [11]. These are ex-
amples of “unipotent representations” which should in some sense form the
building blocks for the unitary dual of a semisimple Lie group. In this paper we
study a singular representation of E¢ and show that it has many of the same
algebraic properties as the metaplectic representation.

We study an irreducible unitary representation, call it ¥, of the real form of
E¢ with Hermitian symmetric space. We see that V' is a ladder representation,
has minimal Gelfand-Kirillov dimension and its annihilator is the Joseph ideal.
Thus V is in some sense associated to a minimal nilpotent orbit in the dual
of the real Lie algebra. We also restrict ' to the rank one F4 and see that it
remains irreducible. This reflects the fact that each minimal nilpotent real orbit
in E¢ contains a dense F; orbit.

We thank J. T. Chang and David Vogan for useful conversations, especially
in connection with Appendix A.

1

We will first set down some notation and specify the representation we will
be studying.

Let G be the real form of E¢ with an associated Hermitian symmetric space
(denoted by E III in Helgason [7, p. 534]). Assume G is contained in the
simply connected complex group Eg. The maximal compact subgroup of G is
K = S0(2) x Spin(10). We fix a compact Cartan subalgebra t of g = Lie(G)c
and let A = A(g, t) be the corresponding set of roots. We choose a positive
system of roots as follows: since G/K is Hermitian symmetric there is an ele-
ment { in the center of K so that J = Ad({) gives the complex structure at
eK. Let p+ be the +i eigenspace of J. Let A* be any positive system so
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that A(p,) C A* (where A(p,) is the set of t roots in p,). Such positive sys-
tems are exactly those for which (nontrivial) irreducible unitary highest weight
representations exist.
We label the simple roots of the Dynkin diagram of E¢ as follows:
Qg

b s

)] ) a3 a4 Qs
with «; the unique noncompact simple root. The simple roots may be written
in coordinates as

(11:(\/75’—%’—%’—%’_%’%) ’
a;=(0,0,0,0,1,-1),
a3=(0,0,0,1,—-1,0),
as=(0,0,1,-1,0,0),
as=(0,1,-1,0,0,0),

a6=(090’090,l’1)’

with the usual Euclidean inner product. If {e, ..., es} is the standard basis
of R®, then the compact and noncompact positive roots are:

At(®)={eitej|2<i<j<6},
At(p) = Apy) = {(3? , 24, 21, 21+ :l:%) | an even number of -1’s occur} .
If welet A,, ...,A¢ denote the corresponding fundamental weights

(204, ap)/llejll* = 8i5)

=(2
then 4 = (%,0,0,0,0,0). Also,
1
p=3 Y o = (4/3,4,3,2,1,0).
a€A+

It is clear from the form of the noncompact roots that the representations of
Spin(10) on p. are the representations with highest weights (3, 1, 1,1, £1);
these are the two “spinor representations” of Spin(10).

We will study the irreducible representation of G with highest weight —34,
and we will call its (g, K) module V. If A € t* is Af-dominant, we let

M) = U(g) ®u(e+p,) Fa

where F; is the irreducible representation of ¢ with highest weight A, and let
L(A) denote the unique irreducible quotient. Both M (A) and L(4) have highest
weight 4 and V = L(-34,). The infinitesimal character of V' is —3A+p which
is conjugate under the Weyl group to A; + Ay + A4 + A5 + ¢ .

Our first observation is that V' occurs in the parameterization of unitary
highest weight modules given by Enright, Howe, and Wallach (see [4]) as the first
reduction point in the series with 1-dimensional highest K-type. Specifically,
the family has highest weights (¢ — 11)4; and the modules L ((t — 11)4;) are
unitary for t < 8 and ¢ = 11. The L((t- 11)4;) are holomorphic discrete
representations for ¢t < 0. V' occurs when ¢ = 8 (the first reduction point)
and the trivial representation corresponds to ¢ =11.
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Theorem 1.1. V is a ladder representation with K-types {—3i; — nay| n =
0,1,2,...}.

Proof. We first write down the decomposition of U(p_) ~ S(p—) under K by
applying Schmid’s Theorem [12]. Let u;, u» € A(p-) be defined by setting
1y = —a; and taking —u; to be the lowest root in A(p,) that is strongly
orthogonal to «;. Then

S(p-) = @ Fopy+mp,
n>m>0

where F), is the finite dimensional representation of K with highest weight u .

For o € A, let X, denote a nontrivial vector in the root space g,. By
a result of Vogan (Lemma 3.4 in [15]) we know that either X, or X_,, acts
injectively on any infinite dimensional irreducible (g, K)-module. Since V' has
a highest weight it must be X_,, that acts injectively. If u is the highest weight
of a K-type in V' and v, is the corresponding weight vector, then (X_,,)"v,
is the highest weight vector of another K-type (= F,_nq,); forif a € A}, then
[Xa, X_a,] =0 because a—a; ¢ A, 50 X,(X_q,)"0y = (X_q,)"Xqv, =0. We
conclude that the F_3; _,,,,n=0,1,2,...,are K-types occurring in V.

We must check that these are all the K-types of V. By Proposition 3.9 of [4],
if F, isa K-typein L(A), pu # A, and L(4) is unitary, then ||u+p| > [|A+p] .
An easy calculation shows that this is not the case for u = —34; + u; + 42 ;
$O F3; 44,44, cannot occur in V. Applying (X_,,)" as above we conclude
that the K-types F_3,(ns1)u,+4, 40 DOt occur in V' (since they occur in the
maximal submodule of M(—34;) and the multiplicity is one for all the K-types
of M(-34,)). The picture for the K-types in M(-34,) is

m

n

To see that the first row gives exactly the K-typesin V it is enough to check
that p. sends the first row only to the first or second row. This is an easy
calculation which we omit. O

Remark 1. There are several other proofs of Theorem 1. (a) By the above,
F_3),+4,+u, does not occur. One shows that the irreducible representation with
highest weight —3A;+u;+u; has exactly the remaining K-types {F_3j, 1 ny +mp, |
n > m > 1}. One can see that this highest weight representation is an A44(4)
where q is the @-stable parabolic defined by —As. For i1 = 345, A4(4) is
irreducible and has highest weight —34; + u; + uy (see [21, p. 49]). One can
use the Blattner formula to calculate the K-types of V. (b) From results of
Enright and Joseph (see [5, Theorem 5.2]) one can show that the unique maxi-
mal subrepresentation of M(—3A;) is U(p_)F_3;3 44+, and then calculate the
K-types.

Remark 2. 1t follows from (a) above that the maximal submodule is
L(-3A; + u; + u) . This occurs in the series M((t —12)A; +4s) for t =7, the
isolated unitary point (¢ <4 and ¢ =7 are the unitaries in this series).
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Let ¢ = [+ u be a #-stable parabolic subalgebra of g. For 4 € t* and
A L AT, let %J (C;) be the derived functor modules as defined in [16]. Let
s = dim(un ¢). If the positivity condition (4 + p(u), a) > 0, a € A(u), is
satisfied, then %’q" (C;) =0 for i #s and Z#; (C;) is an irreducible unitarizable
representation with infinitesimal character 4 + p(u). When the parameter A
becomes arbitrary the vanishing, irreducibility, and unitarity do not in general
hold. We set 44(4) = %, (C,;) for A arbitrary (subject of course to 4 L A(l),
so that a 1-dimensional representation C; of L with weight 4 exists).

Theorem 1.2. V is not isomorphic to Aq(A), 4 arbitrary.

Remark. We show a little more than this: ¥ is not a quotient of any Aq(4).
In particular, if 2 is in the “unitary range” (i.e., 44(4) is unitary) then V' does
not occur as a constituent in 44(4) . However, we do not exclude the possibility
of V' being some constituent (other than a quotient) of some A4(4) with 4 so
bad that A4(4) is not irreducible or unitary.

Proof. We can calculate the Gelfand-Kirillov dimension of V' using Theorem
1.2 of [14] because we know the K-types. We omit the calculation but note that
dim(F_3;,_na,) is a degree 10 polynomial in n. Thus, the Gelfand-Kirillov
dimension of V is 11.

Since 11 is also the minimal Gelfand-Kirillov dimension for infinite dimen-
sional representations of G, and because the two minimal K¢ orbits in p are
Kc-XgCpy and K¢+ X_p Cp_ (where B is the highest root), we may con-
clude that the characteristic variety 7°(V) (see Appendix A) is contained in p,
or p_. When (A4 p(u), a) >0, a € A(u), the characteristic variety of A44(4)
is Kc-(unp) (see the theorem in Appendix A). The proposition in Appendix A
shows that for arbitrary A, as long as A4(4) # 0, every quotient of A44(4) has
the same characteristic variety (and so the same Gelfand-Kirillov dimension)
as an Aq(A) with (A+ p(u), a) >0, a € A(u). Thus, we need only prove that
no q=I[+u with unpCp; (or uNpCp_) has dimKc-(unp)=11.

Consider the fundamental weight A¢, this defines a #-stable parabolic sub-
algebra (by A(I+u) = {a € A | {a, 4¢) > 0}). We consider the roots f; =
(@, 4,0 0 1Ly gy = (31 1 11 1) and the corresponding
root vectors X;, X>. Botharein unp=un p,. Let Y}, Y, be root vectors
for, respectively, —f;, —f, . There are two corresponding 3-dimensional subal-
gebras {X;, Y1, H}, {X2, Y», Hy}. Since f; and B, are strongly orthogonal
these two subalgebras commute and so {X = X, + X, Y = Y1+ Y,,H =
H, + H,} is a 3-dimensional subalgebra. We claim K¢+ X C unyp has di-
mension 16. This is seen as follows. Since H corresponds to A; + A5, the
decomposition of g under {X, Y, H} shows that the stabilizer of X € ¢ has
dimension 30. So

dimc(Kc . X) = dlmc KC - dimc(stabe(X)) =46-30=16

For other parabolics [+ u the argument is the same because X always lies
in unp (as is easily seen by writing f;, f, as sums of simple roots). 0O

2

We will show that the annihilator of V is the Joseph ideal. This ideal is a
maximal primitive ideal in U(g) associated with the minimal nilpotent complex
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coadjoint orbit and was defined by Joseph in [9]. The characterization we use
was formulated by Garfinkle [6] and is as follows.

Let g be a simple, complex Lie algebra not of type A4, . Let S be the highest
root with respect to any positive system of roots. The space of degree 2 elements
in the symmetric algebra of g decomposes as S?(g)  Ey + S, where Eg is
the irreducible representation of g with highest weight 28 and S is the g-
invariant complement of E,g in S%(g). If J C U(g) is an ideal, consider the
graded ideal gr(J) C gr(U(g)) = S(g) -

Theorem 2.1 (Garfinkle). If J is an ideal of infinite codimension in U(g), then
J is the Joseph ideal if and only if gr(J) N S%(g) = S.

Let us return to the case where g = Eg.
Lemma 202. Sz(g) ~ Ezﬂ @ E(\/g’l’0,0,0’O) @ C.
Proof. B = (%3 ,%,%,3,3, 1) is the highest root. The possible highest
weights of subrepresentations occurring in g ® g are of the form £+ o where

a € AU {0} and the multiplicity of such a subrepresentation is one (or six in
case a = 0). The possible subrepresentations along with their dimensions are:

Ey = E(\/i,l,l,l,l,]); 2430,
E31,1,1,0,05 2925,
E(ﬁ,l,0,0,0,0)2 650,

Eg = Ep 212,102,125 18
E0,0,0,0,0,005 1.

Also dim S?(g) = 187 = 3081. The only way to get the dimensions to add up
correctly is to take 3081 =2430+650+1. O

Remark. Although it is not necessary, one can check using Helgason’s theorem
(see [8, p. 535]) that E ;5 | 40,0,

Let Qg , Qk be the Casimirs of, respectively, Es and K = SO(2) x
Spin(10), and let H; correspond to A; by the Killing form of Eg.

Lemma 2.3. Qg — 2(H;)? — 3Qg, annihilates V .
Proof. (H;)* actson F_3; _p, by
(=341 = nay)(Hy))? = (=3(A1, A1) = nlon, &) = (n + 4)2,
Qg actson F_3) _p,, by
| = 3A1 — nay + pell® = || pell* = 2n% + 16 + 12,
Qg, actson F_3; _,,, by
| = 341+ plI* — Il pll> = -36.

Thus,
(Qk — 2(H1)* - 3Qk,)F-33,—na, = 0.

Theorem 2.4. The annihilator, J, of V in U(g) is the Joseph ideal.

Proof. (X_p)? € E_j5 and X_g aets injectively on ¥V so gr(J) N S%(g) C S.
However, there are two linearly independent K-fixed vectors in S which kill
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V1 (Qg+36), and (Qk — 2(H)? - 3Qg,) . Since the multiplicity of a K-fixed
vector in an irreducible finite dimensional representation of G is at most one,
we see that each summand in S meets the annihilator. Since the annihilator is
g-invariant, S =gr(J)NS2%(g). O

Remark. Kostant used this argument when studying a special representation of
S04, 4) (see[11, §3]).

3

The real form of Eg under consideration contains the rank one real form of
F, as the fixed points of an outer automorphism. We will restrict V' to F4 and
see that it remains irreducible. We also identify Vg, .

First we describe the automorphism which has F4 as the fixed points. Recall
that there is a decomposition g = ¢ @& p; & p_ and that p, are the 16-
dimensional spin representations. Let g, be the automorphism of K ~ SO(2)x
Spin(10) defined by multiplying by —I, on the so(2) and conjugating by

(¢ 2)
on so0(10).

Lemma 3.1. If (z, F) is a finite dimensional irreducible representation of K
with highest weight (A1, ..., Ag) then the representation (1%, F%) defined by
1%(k) = 1(0,(k)) on F% = F s an irreducible representation with highest
weight

ao(l) = (_'11 ) '12 ’ '13 ’ '14a '15 ’ _'16)~

In particular, (p,)% ~p_ and (p_)% =~ p,.
Proof. This is easy and is omitted. O

We conclude from this lemma that there is an intertwining map f: p, —
(p—)% ; that is, a linear map f :p, — p_ such that

(3.1) f(Ad(k)-Y)=Ad(o,(k))- f(Y), forallkeKandallY €p,.

We now extend o,: ¢t > ¢ toamap g:g—g by (X +Y +2Z) = 6,(X)+
f(Y)+ f~Y(Z) forall Xet,all Yep, andall Z €p_.

Proposition 3.2. When f is scaled properly, a is an involution of g which com-
mutes with the conjugation of g over g, and commutes with Cartan involution
0. The fixed point set of o in g is the rank 1 real form of F,.
Proof. We must show that o is a Lie algebra homomorphism and ¢ commutes
with the complex conjugation. Let ( , ) be the Killing form (or any other
nondegenerate K-invariant pairing between p, and p_).

We first prove that for Y ep,, Z€ep_,

(3.2) (), f1(2) =11, 2).

Since Y,Z — (f(Y), f~Y(Z)) is a nondegenerate K-invariant pairing
between the irreducible K-modules p, with p_, we know that (f(Y), f~1(Z))
= ¢(Y,Z) for some nonzero constant c¢. It is enough to show that
(f(Y), fFYZ)) = (Y, Z) # 0 for some choice of Y € p, and Z € p_.

Let B =(%,1,1, 1,1 1) denote the highest root and set y = —a,(8) =
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(3?, -4,-4,-4,-1, 1), and let Xg, X, be corresponding root vectors.
Consider also the compact roots & =(0,1,1,0,0,0) and & =(0,0,0, 1,
1,0). We see that f =y + &, + &, so for appropriately chosen root vectors,
Xes X
(1) ad(Xgl) ad(ng)Xy =’Xp s
(ll) O'O(Xgl) = X{l and O'O(X,gz) = sz s
(iii) [Xe,, Xg] =0.
Note that f(Xg) is a root vector for g,(8) = —y . Thus,
0# (f(Xg), X,) = (f (ad(Xy,) ad(Xg,) Xy) , X,)
= (ad (05(X5,)) ad (0(Xe)) S(X,), X)) (by (3.1)
= (ad(Xy) ad(X5)/(X,), Xy) by (i)
= (f(X,), ad(X,) ad(X;, ) X,) (by K-inv.)
= (f(X,), ad(Xg) ad(X;,)X,)  (by (iii))
= (f(X,), Xp)  (by (i)
Thus, (3.2) is proved.

We check that ¢ is a Lie algebra homomorphism. Let X, X' € ¢, Y €p,,
and Z € p_. Now,

o ([X, X']) =0, ([X, X']) = [06(X), 05(X")],
o([X, Y]) = f(X, Y]) =loo(X), f(Y)]=[o(X), a(Y)],
o([X,Z]) =X, Z]) = [0,(X), fF~1(Z)] = [0(X), 0(Z)].
Finally, we need to confirm
(3.3) o(lY,Z]) =[a(Y), a(Z)].
Forany X €¢t,
(X’ G([Y, Z])) = (X’ 0o ([Y’ Z])) = (GO(X)’ [Y’ Z]) = ([GO(X)’ Y]7 Z)
= (f(l0.(X), Y]), f71(Z)) (by (3.2)
= (X, f(V)], 712) =X, [f(Y), [1(2)).
Since the Killing form is nondegenerate on ¢, (3.3) follows.
Let ~ denote conjugation of g over g,. We now show that o(U) = a(U),

forall U € g. Since (Y’,Y) and (Y’, f(f(Y))) are both t-invariant non-
degenerate Hermitian forms on p, ,

(Y', ) =r(Y', f(f(Y)))
for some r € R*. Replacing f by J-f, weget (Y',¥)=(Y’, f(f(Y))) for
all Y’ € p, . Since the pairing is nondegenerate, it follows that ¥ = f(f(Y)) or
f(Y) = f-1(Y). Thus, if f is properly scaled f(Y)= f~1(¥) forall Y €p,.
For this f, one also has f~1(Z) = f(Z) forall Z ep_.
Let Xet, Yep,,and Z €p_. Then

cX+Y+2)=0,X)+ ')+ f(Z
=0,(X)+ f(Y)+ 1 Z
=0(X+Y+2),

)
)

so (3.3) is proved.
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Set
gi={Xeglo(X)=X}, ti=¢tng, pi=pNg.
Sogi=¢t®p, by =s50(9),and p; ={Y+ f(Y) : Yep,}={f1(2)+Z :
Z €p_}. The roots are as follows:
A(El)={:|:€i:{:€j s :tekIlSi<jS4 s lSkS4},
Alpr) = {(£3, £3, £3, £3)}
g1 is thus of type Fy.
As o commutes with conjugation of g with respect to g,, g Ng, is a real
form of F4 and 0| ¥, is a Cartan involution. It follows, for example, from the
tables in [7] that g; N g, is the rank one real form of F4. 0O

We fix a positive root system as follows:
A*(g1) = A% (&) UAT (p1)
={€i:|:€j,€k|1Si<jS4 l<k<4}U{(% , 5

NI'-‘
N
——
.

b

[T

The simple roots are y; =e;—e€3, py=e€3—€4, V3 =¢€4, Y4 = (5, -1, —%, -3)
and the corresponding fundamental weights are @, = (1, 1,0,0), w, = (2, 1,
1,0), w3 = ( , 2, 2, 2) w4 = (1,0, 0, 0). The Dynkin diagram is

O——0—0
Q) ) 3 04

and p(g1) = p(&1) + p(p1) = (4, 3, 3, 1). The corresponding Satake diagram

is
o —ea—o—0
t

Here e, restricts to 2t and e, e3, e4 restrict to 0. Let X*(a, g) = {¢, 2t}
where a is an appropriate maximal abelian subspace of p, p(a, g) = %t.

Theorem 3.3. V|F is irreducible and has infinitesimal character (2 s g, ;, ;)

Proof. Every K-type remains irreducible when restricted to K; = Spin(9).
This follows either from the branching law (see [Ze, §129]) or from a dimension
count using the Weyl dimension formula. The Kj-types have highest weights
(5, %,5%,5%) with ne Z*.

The highest noncompact root in g, is 7, = (3, 3, 3, 3). By [15, Lemma
3.4], X,, acts injectively in any irreducible representation of F4. Since V is
unitary, and because the highest weights of the K;-types of V' lie along a single
ray, we must have V| K~ E @V, where E is finite dimensional and V] is
irreducible. By unitarity, we may also conclude that E must correspond to
the trivial representation. If E # {0}, we may choose a nonzero element v,
of E. Then v, is a highest weight vector of V' (the K-type is necessarily
the one corresponding to n = 0). So p.-v, = 0. Since v, is fixed by

={fNZ)+Z|Z ep-},

0=(f"NZ)+2Z) vo=2 v,

for all Z € p_; which contradicts the irreducibility of V' with respect to g.
Thus, V|g, is irreducible.
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To calculate the infinitesimal character of V|g, we use the following trick.
The diagram automorphism ¢ with respect to the positive system of E¢ given in
§1 is not the automorphism of Proposition 3.5. However, the fixed points of the
two automorphisms are conjugate. Thus, it is enough to calculate the infinites-
imal character of V' restricted to the fixed points of ¢ . This representation is
an irreducible highest weight representation of F; (not a (g, , K;)-module, but
that is okay). We calculate the highest weight.

Let ¢, interchangeably, denote the automorphism of g and the roots A. Let
g%, t denote the elements of g, respectively, t fixed by ¢. The roots of g¢
with respect to t? are as follows:

(i) Short roots: {a €A ﬁ;i@b =aly , d(a)# a} . The corresponding

root vectors are X, + ¢(X,). Note that we have listed each root vector
twice, once for a and once for ¢(a).
(i) Long roots: {a € A | ¢(a) =a}. The corresponding root vectors are

-

Remark. %ﬂl corresponds to an element in t¢ (via the Killing form), also
a L ¢(a) when ¢(a) # a. Thus the length of 2*4(@) in F, is its length in Eg
which is [|af|/V2.

The positive system for which V| o is a highest weight representation consists
of those roots in (i) and (ii) with « € A*(g, t). The simple roots, in terms of
the simple roots of Eg, are y; = ag, y2 = a3, ¥3 = 1 (a2 + aa), 74 = I(e1 + as)
and the connection between the corresponding fundamental weights is w; =
As, @2 = A3, w3 = (A2 + A4), Wa = 1(A1 + A5) . The restriction of —34; (the
highest weight of V' as an E¢ representation) to t? is —3w,. In terms of
the fundamental weights the infinitesimal character is ©; + @, + w3 — 2t04 =
(3,3, 3, 1) in the coordinates appearing after Lemma 3.2. Now note that, if
w,, ¥ € t*, is the reflection through the hyperplane orthogonal to y,

)= ( )

Thus the infinitesimal character of V|, is 4,3,4,hH. o

[ 1["]
[SRN]

3
2

|-

1
’2’

b

N|—

5 5
w73w74(§ > 2

b

Working in F4 and the coordinates given above, set A, = (1, 1, 0, 0). This
defines a @-stable parabolic q = [+ u by
A(q) ={a €A ({a, A,) 20},
A)={a€eA]|(a, A,) =0},
Au) ={a€eA|(a, A,) >0}.
Let 1 = ah,. Aq4(A) = %;(C;), the cohomologically induced representation,
has infinitesimal character A+ p.
Theorem 3.4. V|F4 ~ Aq(A) with A = (-2, -2,0,0). This is the Langlands

quotient of Ind$, ;v (1® 3t®1), where P = M AN is the minimal parabolic with
n corresponding to X*(a, g).

Proof. We show that A,(4) has the right infinitesimal character, the correct
K, -types (is spherical) and that this data determines the representation.
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The infinitesimal character is (-2, -2,0,0)+(%,3,3, 5=, 3,3. )
which is conjugate to (}, 3,1, 1) as in Theorem 3.3. To determine the K;-

types, we use the Blattner formula (see [16, Theorem 6.3.12]).

Lemma 3.5. The degree m elements of the symmetric algebra S(un p) form an
irreducible LN K, representation with highest weight (%, %, %, %

Proof. Since

A(uﬂpl) = {(%a %a i%a i%)},
A(INt;) = {£(ey — 1), tes tes, ez, Loy},

we see that [N & = so(3) ®so(2) & so(5). The so(3) acts trivially on unp;,
while the so(2) acts by (1, 4,0, 0). Also

dim S (4N p;) = dim $™(C*) = (’"; 3) .
The highest so(5) weight occurring in S™(uNp;) is (F, F) and the corre-
sponding irreducible representation of so(5) also has dimension ("} ). o

If F, denotes the irreducible representation of K; with highest weight u,
then if a > -2

Ea124m/2,a+24m/2,mj2,m2) if k=0,
0 ifk>0,

where E(g424m)2,a+2+m/2,m/2,mj2) 18 the irreducible highest weight represen-
tation of un ¢ with highest weight (a+2+ %3,a+2+ %, %, 2). This
is just Kostant’s Borel-Weil Theorem (see [16, Theorem 3.2.3]). Thus for
A=ah,, #{(A) =0, j#s=dimunt), and a > -2 (in fact, a > -5).
Z3(4) is irreducible for a > —1 by §5 of [19]. We shall show that #; ()
is also irreducible for a = -2 and trivial if a < -3. The K,-types of
Ki(A) are {(a+2+%,a+2+%,%,%)|meZ*} (note: A+2p(unt) =
(a+2,a+2,0,0)). Thus, 44(4) has the same K;-types as V|F4 when a = -2.

Since our F4 has rank one, all irreducible spherical representations occur
in some Indf, y N(l ®v ® 1) with Re(r) > 0. The infinitesimal character is
pm+v=(3,3,1, v). This has length 3} + v2, the length of the infinitesimal

character of V]F is 15. Therefore, v = % and there is just one spherical rep-

resentation with infinitesimal character (2 , ; 5 2) We conclude that Aq(4),
A=(-2,-2,0,0), is irreducible and equivalent to V] F (and to the Lang-

lands quotient of Ind§ ,v(1®3®1)). O

H*(I8y , Faroim/2,av24m/2,m2,mp2)) = {

Remark. There is a “dual pair” picture here. Let (7, V') be our unitary highest
weight representation and ¢ the automorphism of Proposition 3.2. Let G =
Zyx G ,where Z; = {1, 0}. (n, V) does not extend to a representation of G.
However, (t® n?, V & V?) does extend:

(1, 8) - (v1, v2) = (n(g)v1, n(a(8))v2),
(0, &) (v1,v2) = (n(a(g))v2, m(g)v1).

Call this representation ¥ . This is an irreducible representation of G . For the
connected subgroup G; C G with Lie algebra g, , there is a dual pair (Z,, G;)
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in G, G, =Z, x G, . (The centralizer of Z, is clearly G, as G, is the group
of fixed points of o. The centralizer of G, is Z, x Zg, = Z,. Note that
the center Zg, of G, is {e} as { € Zg, satisfies { € K; and Ad({) = 1d,
but Ad: K — GL(p,) is the spin representation of K; = Spin(9) and has no
kernel.)

Vg, ={w,v)lveVie{v,-v)|veV}i~x(lom) & (sign® m).

So there is a one-to-one correspondcnce between representations of Z, and
representations of 01 occurring in V.

4

We now give several additional properties of V.
(a) We determine the Langlands parameters of ¥ by applying Proposition
2.8 of [20] . We obtain the following:

V < Ind$ y(o @€ ®1)

where M AN is a minimal parabolic, ¢ € M is the 1-dimensional represen-
tation of M =7, - U(1) x SU(4) given by a(e, 0, k) = sign(e)e=3 . 1, and
v = —8¢€; —2¢; (where A(n) = {€) L€y, €, €2, 2€1, 26} as in [20]). Note that
v = —10s + 8¢ where s,¢ are the simple roots on the Satake diagram pictured
below.

t

R

s N

(b) The Harish-Chandra module V' is special unipotent in the sense of Vogan
(see [17, Chapter 12]). This can be easily checked by comparing the infinitesimal
character of V' with the tables in [3]. We will now confirm for V' the K-type
formula given in Conjecture 12.1 of [18].

Let B denote the maximal root in p,, and Kc(B) the stabilizer of Xz in
K¢ . The K¢ orbit K¢+ Xy ~ Kc/Kc(B) is admissible in the sense of Definition
7.13 of [18] (see also [13]); i.e

x(k) = [det(Ad(k))|e/e(p-1?
is a well-defined character of K¢(f). To see this, one must check that

11vV3 3 3 3 3 3
2 2 '2°2°2°22
integrates to the torus Hc(f) = HcNKc.
Proposition 4.1. y defines an admissible character of Kc(f) and

V=~ Inchm (x)

as Kc-representations.

Proof. Kc(B) is connected by Appendix B. K¢(f) is nearly a parabolic sub-
group of K¢ in the sense that there is a parabolic subgroup K’ such that
Kc(B) Cc K' € K¢ and

V=8pB)+(C-hg)=u(S)®s0(2)®&n'=m' &0,
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where A(u(5)) ={€;—¢€;|2<i,j <6}, Aw)={e;+¢€;|2<i<j<6},and
hg is the element of t corresponding to f via the Killing form.

We use induction in stages. Ind% ;(x) = @,ecz0n, where o, is the 1-
dimensional representation of K’ = M’'N’ with weight —34; —nlg on M’ and
trivial on N’. An irreducible finite dimensional K¢ representation F occurs
in Ind%,(0,) with multiplicity dim Homg: (F, g,) = dim Homy. (F/n'F, 6,).
This is zero unless F is the representation with lowest weight —34;, — nig, i.e.,
highest weight —34; — na; (which is dominant for n > 0). These are precisely
the K-types of V.

APPENDIX A

The following theorem seems to be well known, but we were unable to find a
proof written down in one place. Below we will give a very brief sketch of the
proof, indicating references for the key steps.

Theorem A. Assume (A + p(u), a) > 0 for a € A(u). Then the characteristic
variety of Aq(A) is K¢+ (unp). Thus, the Gelfand-Kirillov dimension of Aq(A)
is dime (K¢ - (unp)).

Proof. First note that the Gelfand-Kirillov dimension of a representation M
is equal to the complex dimension of its characteristic variety 7' (M) (see, e.g.,
[14 and 9, Lemma 10.1]).

Consider the generalized flag variety X of all parabolics conjugate to q =
[+u. The moment map u : T*X — g* is defined by identifying 7*X with
G xqu and setting u(g, n) = Ad(g)n € g = g*. If M is a Harish-Chandra
module and .# is the localization of M on X, then

V(M) = p(Ch(A))

where Ch(#) is the characteristic variety of .# in T*X . (See [, §1, partic-
ularly, 1.6, 1.8, and 1.9].)

Now consider M = Ay(4). It follows (under the positivity condition) from
[2, Theorem 2.4], that M =T'(X, #) where .# is a &;-module on X sup-
ported in the closed orbit Z = K¢ - q. The characteristic variety is thus 73X,
the conormal bundle. Thus,

Ch(#) = T7;X =~ Kc xgnk, (8/(¢+9))
~ Kc Xgnk. (8N P)* ~ K¢ Xgnke (UuNp).
So,
V(44(4)) = u(Ch(#)) = u(Kc x (unp)) =Kc-(unp). O
For the following proposition we consider arbitrary A4,(4) representations
(assuming the parameters A satisfy A4 L A(l)).

Proposition. Let A, be any parameter so that (A, + p(u), a) >0, a € A(u),
and let 2 be arbitrary. Then V (Aq(A)) =V (Aq(4o)) as long as Aq(2) #0.

Proof. Itis clear from the definition of characteristic variety that for any admis-
sible (g, K)-module X, V(X ® F) CV (X). If Y isaquotient of X®F then
VY)CV(X®F)CV(X). Since Hom(X® F,Y) =Hom (X, Y ® F*), for
X irreducible, we get X C Y ® F*. Therefore, V(X) C V(Y ® F*) C V(Y)
and we conclude that V(Y) = V(X). We will show that for appropriate A,
and F, A,(A) is a quotient of A44(4,) ® F ; the proposition will follow.
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Recall that the derived functor modules are defined by
. R top
RL(W)=T" (HomU(q) (U(g), wae u))

where W is an (q, LN K)-module and I" is the right derived functor of the
“ K-finite” functor I" (see [16, 6.31]).

Let A be arbitrary, by the lemma below there is a finite dimensional g-module
F,a 4, sothat (4, + p(u), ) >0, a € A(u), and an exact sequence

0 - Ker - C,,®F - C; - 0
(as g-modules), hence a long exact sequence
= Z(C)F - Z;(C) — 9?;“ (Ker) — --- .

Here we have used Z%; (C;, ® F) =~ #; (C;,) ® F (F is a representation of
g) . The vanishing theorem for degrees greater than s [16, 6.3.21]) along with
a standard filtration argument shows %g*‘ (Ker) = 0. Thus we get

- = Ag(A) ®F — Ag(A) — 0.

The theorem follows by noting that if (4, + p(u),a) > 0, a € A(u), then
V (Aq(40)) = V (Aq(4,)) by the standard tensoring (within a chamber) argument
(see, for example, [16, 7.2.9 and 7.2.22]). O

Lemma. Given A, thereisa A, so that (A, + p(u), a) >0, a € A(u), a finite
dimensional g-module F, and a surjection C, ® F — C; as q-modules.

Proof. The u-invariants (C; ® F,)" = C; ® F* contains a highest weight vector
(for I). Choose 4, so that A, — 4 is A*(g)-dominant then take F, to be the
irreducible finite dimensional g-representation with highest weight A,—A. Thus
we have arranged for a nonzero map C;, — C; ® F, as g-modules. Thus,

Hom(C;,, C; ® F,) ~ Hom(C,, ® F; , C))
is nonzero. Take F = F; in the lemma. O

APPENDIX B

In this appendix we prove a fact about stabilizers for a minimal nilpotent
orbit of K¢ in p and then apply this to our Eg example.

Let G be a complex, connected, simply connected, semisimple group. Let 6
be the complexification of a Cartan involution for some real form of G, and let
£+ p be the corresponding Cartan decomposition of the g = Lie(G). Assume
rank K = rank G . In this case, 6 is an inner automorphism, so K; = G’ is
connected. Fix a Cartan subalgebra t C ¢ C g (and let H be the corresponding
Cartan subgroup) and a positive system of roots A*. Let S be the highest
root in p, and let xg be a root vector for B. There is a triple {xg, hg, yp}
spanning a subalgebra of g isomorphic to sl(2, C) with kg € t and yg a root
vector for —f. hg is normalized such that S(hg) =2.

A @-stable parabolic q = [+ u is defined by A(l) = {a € A | a(hg) = 0}
and A(u) = {a € A| a(hg) > 0}. Let Q = LU be the corresponding parabolic
subgroup in G. Q is connected. The stabilizer G(B) of x; is contained
in LU by Theorem 3.6 of [10]. We may conclude that K¢(B) C Kc N LU C
(KcNL):(KcnU); furthermore, KcNL is the Levi component of the parabolic
(KcNLU) C K¢ and is connected.
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Proposition. Kc(B)/Kc(B)e = H(B)/H(B)., where H(B) = Stabp(xp).

Proof. Let HN be a Borel subgroup of Kc N L and let W be the Weyl group
of Kc N L. The Bruhat decomposition is

KcnL= U NHuwN.

wew
The following lemma shows that N and W stabilize x4 .

Lemma. The semisimple part of KcNL is contained in Kc(B) and W C Kc(B).

Proof. Since KcNL is connected, we need only check this for the corresponding
Lie algebras. If a € A*(¢N 1) then (a, f) = 0. But f+a ¢ A since B is
the highest root; thus also f —a ¢ A. So all root vectors in €N kill xz and
thus the semisimple part of K¢ N L is contained in K¢(f). It follows that
W cCcKe(B). O

Now suppose k = njhwn; € KcNL fixes xg, then xg =k -xp = njhwnyxg
and xg =h-xg,s0 h € H(B). Therefore,

Kc(B)NL= ) NH(BwN.

wew
Let F be a set of representatives of distinct cosets in H(f)/H(B). , such that

Ke(B)NL=F-(Ke(f)NL), .

We claim that F is a set of representatives of distinct cosets in
(Kc(B)NL)/(Kc(B)NL),. Suppose f € F isin (Kc(B)NL),. Then, since
f commutes with H(B)., f isin H(B). because H(pB). is a Cartan subgroup
of the connected group (Kc(f) N L),. The proposition is proved.

For our situation with Eg, we calculate the component group H(8)/H(f). -
Let Lyoor = spanz{h, | @ € A} where h, is the element of t corresponding
to (azf’a) € t* via the Killing form. Let e(h) = exp(2nih), h € t. Since G is
simply connected, Lioox = Ker(e). Write & € t as hy + thg, with hy L hg.
Then

Ad (e(h))xﬂ = ez”i(z’)xﬂ
so e(h) € H(B) if t € $Z. Thus,
H(B) = exp(2mi(hg + 3Zhg))
= {e, exp(nihg)} exp(2nihg) = {e, exp(nihg) }H(B)e .
We now show that exp(nihg) € H(B).; i.e., exp(nihg) € exp(hy). For this it
is sufficient to find an element h; € h,—,# such that %hﬂ — hy € Ker(e) = Lyoor -
Choose h; = %(ax + a3 +as). One easily checks that %hﬂ — hy is integral on all

fundamental weights; i.e., $hg — hy € Lioor. Thus, in our E¢ example Kc(B)
is connected.
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